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1. INTRODUCTION 
When the base field has characteristic 2 an orthogonal polarity is a symplectic 
one. The symplectic group acts on the set 9 of all quadratic forms with a par- 
ticular polarity and contains the corresponding orthogonal groups. When the 
base field is perfect the action on 9 has nice transitivity properties. We obtain 
these in this paper and use them to establish results relating orthogonal and 
symplectic groups that enable information for one type of group to be inferred 
immediately from information for the other. The key result (Theorem 1) is 
that if two members of 9 are equivalent then there is a symplectic transvection 
interchanging them: thus our treatment is geometrical. We show that each 
symplectic element A fixes a quadratic of 9 (Theorem 2), that the centralizer of A 
acts transitively on each kind of quadratic in the set Fix A of quadratics in 9 
fixed by A (Theorem 3), and that two elements of an orthogonal group are 
conjugate in the orthogonal group if they are conjugate in the symplectic group 
(Theorem 4). Thus the classification of the symplectic group is known once the 
classifications of the orthogonal groups are at hand and vice versa. Numerical 
interrelations are simply expressed (Section 4.1) in terms of the geometric 
structure of Ker(A $- Ian) in the finite case. Since symplectic groups are easier 
to handle than orthogonal groups perhaps Theorem 4 gives a means to simplify 
the discussion of the conjugacy criteria for the orthogonal groups over GF(2”) 
given in [22]. 
When 9 contains quadratics of more than one equivalence kind the classes of 
the symplectic group are of two types (Theorem 6), and the classes of the first 
symplectic type in one orthogonal group are in bijective correspondence with 
those of another orthogonal group (Section 2.4); information can be had for one 
orthogonal group from that for the other. When the base field is GF(2) Frame 
and Rudvalis [14], [15], starting with the characters of the symplectic group 
induced by its well-known doubly-transitive actions on its two orbits in 2, have 
discussed a “widowed” pairing of the irreducible characters of the two kinds of 
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orthogonal groups. The classes and characters of groups often exhibit dual 
properties; the recent investigations into connections between the character 
theory of the adjoint group and the classes of a simply connected group of Lie 
type come to mind. 
When, as we readily may, we translate our results to projective space we find 
that Fix A consists of all the nonsingular quadrics of a linear system of quadrics. 
In Section 3 we determine the nature of the linear systems of quadrics deter- 
mined by members of 9 and classify them by their base spaces and base quudrics. 
Their stabilizers, classified up to conjugacy and each equipped with at least one 
transitive action, give the symplectic groups over characteristic 2 a subgroup 
structure much richer than that of their counterparts over other fields. 
In Sections 4.3, 4.4, 4.5 we use the known geometry and classification of one 
of the two kinds of 8-dimensional orthogonal groups over GF(2) and a little 
information for the other to obtain very speedily a full geometrical classification 
of Sps(2) (Table 3), a catalogue of its action on the subspaces (Table 2), and 
a list of its types of linear systems of quadrics (Table 1); that there are 81 classes 
is predicted in [22, p. 591. This gives an illustration of how our Theorems may 
be used. The classification of the 4- and 6-dimensional symplectic groups is 
already given in [4], [5], [13]. 
We make use in Sections 2.1, 2.4 of the Arf invariant. But a treatment of that 
based on the action on 2 has been given in [8]; unlike here the restriction to 
perfect fields is not necessary to all parts of [8]. The action may also be used to 
prove quite readily that the orthogonal groups of non-zero index are maximal in 
the symplectic group (Theorem 7). 
2. 'SHE ACTION OF Sp,,(K) OK QUADRATICS AND CONJUCACY RESULTS 
2.1. Let C’ be a vector space of dimension 2n over a perfect field K of charac- 
teristic 2. Take a base e, , e, ,..., t+, so that [6, p. 51 the basic nonsingular 
alternating form B(x, y) has the canonical coordinate form 
Wx9 Y) = 1 (%Yn+i - Yixn+i): (1) 
an unadorned summation sign will always signify that i runs over 1, 2,..., tl. 
The associated symplectic group Sp,,(K) consists of all linear isomorphisms A 
of V that satisfy B(Ax, Ay) = B(x, y). 
A quadratic formQ(x) on V has B(x, y) for its corresponding polar form if and 
only if [2. p. I I] 
4~ Y) = Q(x - Y) - Q(x) - Q(Y). (2) 
If u + w then the terms aUVx,x, and uUUxUz of Q(x) contribute u,,(x,yV f yUx,) 
and 2aUux,y,, -e 0 respectively to the right hand side of (2). Hence, from (I), Q(x) 
204 R. H. DYE 
belongs to the set 9 of all quadratic forms whose polar form is B(x, y) if and only 
if 
for some au (1 < u < 2n) in K. Since K is perfect there is a /Ill in K such that 
pu2 = oIu . Write b = (Bn+l , Pn+2 ,..., Bzn , A7 P2 ,-., A>‘. Then, using (I), 
= [B(x, b)12. 
Thus the members of 9 are the various C x+x,+~ + [B(x, b)12. 
The general linear group GL,,(K) acts naturally on the set of all quadratic 
forms on V; two quadratic forms on V are said to be equivalent if and only if 
they are in the same orbit of GL,,(K) [6, p. 401. Clearly Spa,(K) acts naturally 
on 9. If A E GL,,(K) andQ,(Ax) = Q2(x) whereQ,(x), Q2(x) E 9 then, from (2), 
B(k AY) = Q,Px + AY) - Q&W - QI@Y) 
= Qz(x + Y) - Q2W - Q~(Y) = B(x, Y), 
and so A E Sp,,(K). Hence two members of 9 are in the same orbit under Sp,,(K) 
if and only if they are equivalent: there is a stronger result in Theorem 1 below. 
We see also, on taking Q1(x) = Q2(x), that the orthogonal group of each member of 
9 is a subgroup of Sp,,(K). 
We need 
LEMMA 1. (i) If Q(x) is one member of 9 then the members of 9 are the various 
Q(x) + P(x, s)l”foy q in v. 
(ii) Q(x) and p(x) + [B(x, q)12 are equivakzt if and onZy if the quadratic 
polynomial t2 + t + Q(q) is reducible over K. 
Proof. There is a b such that 
Q(x) = c xix,+i + [B(x, b)12. (3) 
Similarly, if Q(x) E 9 then there is a 6 such that 
Q(x) = C xix,+i + P(x, @12. (4 
On subtracting (3) from (4) we see that Q(x) - Q(x) = [B(x, q)]” where 
q = 6 - b: (i) follows immediately. 
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TABIX 1 
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In view of (1) the e, form a symplectic base for every member of 2, each e, 
being paired with e,,+i (I ,< i < n). The A f r invariant or pseudodiscriminant 
d(Q) of Q(x) with respect to this base is given by [7, p. 651 
d(Q) = c Q(ed Q(en+d. 
Hence, from (l), (3) and (4), 
A(&) - d(Q) = C 6;+& - Cb:+ibi 
= [c Gz+i  4n+i)(bi  44 - .+ibif 
= [z ~~a+i]~ + [B(q> b)12 
= Q(s) + 1 wn+i +[c maci]‘. (5) 
Q(x) and Q(x) are equivalent if and only if t2 + t + d(Q) - d(Q) is reducible 
[8, pp. 36, 371. From (5) we see that this is so if and only if ts + t + Q(q) is 
reducible; one simply replaces the first t by t + C piq7a+i . The proof of the 
Lemma is complete. 
2.2. Spa,(K) is generated by its transvections [6, p. IO]: if a # 0 then the 
symplectic transvections centred on the subspace (a) are the nonidentity 
elements of Spa,(K) that fix each vector of the polar hyperplane of (a) [6, p. 91. 
Their present significance is given by 
THEOREM 1. Let B(x, y) be a nonsingular alternating bilinear form on a erector 
space of dimension 2n over a perfect field K of characteristic 2. Let 9 be the set of 
all quadratic forms whose polar form is B(x, y). Then two members of 22 are 
equivalent if and only if there is a transvection of the group Sps,(K) of B(x, y) 
taking one to the other. 
Proof. By Lemma 1 we need only show that if t2 + t + Q(q) is reducible 
then there is a transvection taking Q(x) to Q(x) + [B(x, q)]“. If q = 0 then any 
orthogonal transvection of the group of Q(x) will serve [6, p. 411. If q # 0 then 
each transvection centred on (q> has the form [6, pp. 9, lo] 
x - x + U(x, 419 (6) 
for some non-zero h E K. This takes Q(x) to, by (2), 
86 + J@(x, q)q) = Q(x) + P(x, sll”P + ~2QW (7) 
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i* -i- t + Q(q) has two roots whose sum is 1. Let p be a non-zero root. Then 
if h = p-l 
h + h*Q(q) = /LL-~[~ - e<q)] = /L--* . /L* -= 1. 
By (7) the transvection corresponding to h = p-r suffices. In fact, since each 
transvection has period 2, Q(x) and Q(x) t- [B(x, q)]* are interchanged by this 
transvection. 
This result may be contrasted with the action of Sp,,(K) on the subspaces of 
V. Two subspaces of the same dimension are in the same orbit if and only if the 
restrictions of B(x, y) to them are equivalent, i.e. have the same even rank 
[6, p. 71. But there need not then be a transvection taking one subspace to the 
other. For example, if(q) # (4) and B(q, 4) = 0 then there is no transvection 
taking (q) to (4). 
2.3 We are now in a position to discuss the action of Sp2,(K) and that of 
the centralizers of its elements on 9. Recall that two vectors x, y are polar if 
and only if B(x, y) z= 0, and that the vectors polar to every vector of a subspace C’ 
of V are those of a subspace U”, the polar subspace of Li, with dimension 
2n - dim CT [6, p. 41. Denote the identity of Sp,,(K) by I,, . We need the 
elementary 
LEMMA 2. If A E Sp,,(K) then the polar space of Ker(A + 12,J is 
Im(A-l $ Izn). 
Proof. If y E Im(A-l + Izn) then y = (A-’ + IPn)z for some 2. Hence if 
x E Ker(A + Izn) then Ax = x and 
qx, y) = B(x, A-‘z) + B(x, z) = B(h, Z) + % Z) 
= qx, z) + qx, z) = 0. 
Hence Im(A-’ -1 I*,,) C [Ker(A -+ Izn)]*. Since y -7 (12n + A)A-‘z the dimen- 
sion of Im(A-1 + I,,) equals that of Im(A - Izn) and so, by the rank-nullity 
theorem, is 2n-dim Ker(A + I*=). Thus Im(A-r + I*,,) and [Ker(A + 12n)]* 
have the same dimension and so coincide. 
No element of Sp2JK) is fixed-point free. We have 
THEOREM 2. If A E Sp,,(K) then Ajxes at least one quadraticform of 9. 
Proof. Suppose that Q(x) E 9. Then Q(Ax) E 2 and so, by Lemma 1, 
Q(Ax) = Q(x) + [%h S)]’ (8) 
for some q. 
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If x E Ker(A + IsJ then Ax = x and so, by (8) B(x, q) = 0. Thus q is 
polar to Ker(A + I& and so, by Lemma 2, 
q = (A-l + I,,&- 
for some r. Q(x) + [B(x, r)]” E 8. Now 
(9) 
Q(Ax) + [B(Ax, r)]” = Q(x) + [+, @I2 + L&x, A+)12 
= Q(x) + P(x, q + A-+)12 = Q(x) + Mx, r)12, 
by (8) and (9). Thus A fixes Q(x) + [B(x, r)]“. 
Again, there is no corresponding result for the action of Spa,(K) on vectors 
and subspaces. Each Sp,,(K) contains elements which fix no non-zero vector; 
this follows from [19, p. 3981 where Pollatsek obtains with one minor, and to us 
immaterial, exception the same result for the orthogonal groups O,,(K). In 
Sp,(2) g 2s these elements are those of cycle type IV and the only subspaces 
fixed by each of them are (0) and V. 
We denote the set of all the members of 2 that are fixed by A E Sp,,(K) by 
Fix A. If Q(x) E Fix A, then, since 
Q(Ax) + MAX, q)]” = Q(x) + P(x, A-WI2 (10) 
and B(x, y) is non-degenerate, Q(x) + [B(x, q)]” E Fix A if and only if A-r, and 
hence A, fixes q. Thus ifQ(x) E Fix A then 
Fix A = {Q(x) + [B(x, q)12: q E Ker(A + Izn)}. (11) 
Taking A to be one of the elements mentioned in the previous paragraph we 
see that each SPAS has elements A s&z that 1 Fix A / = 1. 
In accordance with general theory the centralizer of A acts on Fix A. In our 
case this action is transitive on each kind of quadratic form in Fix A; more 
precisely we have 
THEOREM 3. If A E Sp,,(K) then two distinct members of Fix A are equivalent 
if and only if there is a transvection in the centralizer of A in Sp,,(K) taking one to 
the other. 
Proof. Suppose that Q(x), Q(x) + [B(x, q)]” E Fix A and q # 0. We need 
only show that if these quadratic forms are equivalent then there is a centralizing 
transvection taking the first to the second. By Theorem 1 and the detail of its 
proof there is a symplectic transvection T centred on (q) and taking 
Q(x) to Q(x) + [B(x, q)]“. By (11) Aq = q. Consequently T commutes with 
A: this standard result is very easy to verify using (6). 
From this result we may deduce that the conjugacy classes of O,,(K) do not 
fuse in Sp,,(K). We have 
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THEOREM 4. Let O,,(K) be the orthogonal group of Q(x) E 22. Then two 
menders of O,,(K) are conjugate in Spa,(K) if and only if they are conjugate in 
GdK)- 
Proof. Again, we only diicuss the non-trivial implication. Suppose that 
A, B E O,,(K) and are conjugate in Spa,(K); i.e. there is a C E Sp,(K) such 
that C-1BC = A. Then 
Q(Cx) = Q(BCx) = Q(CAx) 
so that Q(Cx) E Fix A. If C E O,,(K) then A and B are obviously conjugate in 
O,,(K). But if C $0,,(K) then Q(Cx) is equivalent to and distinct from Q(x). 
Hence, by Theorem 3, there is a symplectic transvection T commuting with A 
and such that Q(Tx) = Q(Cx). H ence CT-1 E O,,(K) and (CT-l)-lB(CT-l) = 
TAT-1 = A. Thus A and B are conjugate in O,,(K). 
This Theorem is the analogue of one for the finite unitary groups; Ennola 
[12, p. 121 and later Wall [22, p. 341 h ave shown that two elements of U,(@) 
are conjugate in U,(q2) if and only if they are conjugate in GL,(q2). 
2.4 Denote the set of O,,(K) corresponding to the Q(x) E 9 by 0. Let 
L ={h+X2:X~K}: (12) 
L is a subgroup of the additive group K+. Since K is perfect and since if b # 0 
then the quadratic us2 + bs + c is a constant multiple of t2 + t + (ac/b2) 
where t = as/b, we see that L = K if and only if K has no extensions of degree 2. 
Our results show that if L = K then the classification of O,,(K) determines that 
of Sp2,(K), and conversely. For, if we apply Lemma 1 and Theorems 1, 2, 4 in 
turn, and recall (Section 2.1) that C +Y,+~ with index n is in 9, we obtain 
THEOREM 5. Suppose that K has no extensions of degree 2. Then 22 is a single 
orbit under Sp,,(K), each quadratic hming index n. If O,,(K) E 0 then each 
conjugacy class of Sp,,(K) contains one conjugacy class of O,,(K). 
Recall that a proper subgroup of a finite group G cannot contain members of 
every class of G. 
Suppose, now, that L # K, that A E Span(K) and Q(x) E Fix A. Two possi- 
bilities can occur: either Ker(A + Izn) is a totally singular subspace for Q(x), i.e. 
each of its vectors is a zero of Q(x), or it is not. Both cases occur: e.g. an A with 
1 Fix A 1 = 1 (Section 2.3) and I,, respectively. Let q E Ker(A + 12,J. If 
Q(q) = 0 then t2 + t + Q(q) has roots 0, 1 and is reducible. Hence by (11) and 
Lemma 1 Q(x) + [B(x, q)]” E Fix A and is equivalent to Q(x). If Q(q) # 0 then 
Q(x) = Q(x) + [B(x, As)]” E Fix A and, by (5), d(Q) = d(Q) + PQ(q) modulo& 
and this takes all values in K with h. Since equivalence kind is determined by 
the Arf invariant modulo L each orbit of 9 contains a Q(x). We deduce 
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THEOREM 6. Suppose that K has extensions of degree 2. Then 1 consists of 
1 K+/L i > 1 orbits under Spa,(K) and the conjugacy classes of Sp,JK) are of two 
types. A class of Spa,(K) either 
(i) contains one conjugacy class of every O,,(K) E 9, or 
(ii) contains one conjugacy class of each O,,(K) corresponding to one orbit of 
9, and has no elements in the other O,,(K) of 0. 
A E Sp&K) is in a class of type (i) or (ii) according as Ker(A + Ian) is totally 
singular for no or all Q(x) in Fix A. 
When K is finite this discussion provides further numerical results: see 
Section 4.1 below. 
Let Q(x) be a nondegenerate (nondefective) quadratic form on V with group 
O,,(K). Let V(O,,(K)) be the family of those conjugacy classes of O,,(K) whose 
members $x nonsingular one-dimensional subspaces. If A E O,,(K) and fixes such 
a (q) then Aq = hq for some /\ # 0 in K and hence 0 # Q(q) = Q(Aq) = 
PQ(q). Hence X2 = 1, and so h = 1 and Ker(A + Izn) is not totally singular. 
Hence, there being just one kind of non-singular alternating form, there is a 
natural bijection between V(O,,(K)) and the set of classes of Sp,,(K) of type (i) 
Thus, if o,,,(K) is the group of Q(x) not equivalent to Q(x) then there is a natural 
bijection of %(0,,(K)) to %?(o),,(K)). For the case K = GF(2) Frame and 
Rudvalis [ 141, [ 151, have noticed a “widowed” pairing of the characters of O,,(2) 
and o,,(2). Often the classes and irreducible characters of a finite group exhibit 
dual patterns: the bijection %(0,,(K)) to V(o,,(K)) gives a “widowed” pairing 
of the classes of O,,(K) and a,,(K). In [18, p. 1721 Lusztig obtains, together 
with many important results, an involution on the set of unipotent representations 
of SP,,(~~) and a bijection of the set of unipotent representations of the special 
orthogonal group S02,(2s) onto that of S0272(28) for n odd. Since if A E O,,(K) 
then A E SO,,(K) if and only if Ker(A + 12J has even dimension [9, p. 4741 we 
see that, using an obvious extension of our notation, there is a natural bijection of 
V(SO,,(K)) to ?&90,,(K)): a class of O,,,(K) of type (i) and in SO,,(K) does 
not split in SO,,(K) as orthogonal transvections centralise its elements. 
2.5. L is the image of K+ by the homomorphism X M A2 + X whose kernel is 
GF(2)+ = (0, l} so that L z K+/GF(2)+. Suppose that Q(x) E 2 and has 
group O,,(K). If q and $ are non-zero then, by (lo), Q(x) + [B(x, q)]” and 
Q(x) + P(x, $11” are in the same orbit under the action of O,,(K) on 2 if and 
only if q and q are in the same orbit of vectors under O,,(K); by Witt’s Theorem 
this is so if and only if Q(q) = Q(q). If Q(q) # 0 then as h # 0 varies Q(hq) = 
h2Q(q) takes all non-zero values in K. Hence, by Lemma 1, if Q(x) has index 
v > 1 then under O,,(K) the quadratics in 1 that are equivalent to Q(x) fall into 
) L 1 + 1 orbits; if v 3 1 then O,,(K) . is a rank / K+/GF(2)+ / + 1 subgroup of 
Sp,,(K). If v = 0, whence (see below) n = 1, then there are /L j orbits and we 
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have a rank 1 K+/GF(2)+ / subgroup. In particular ;f n > 1 then Sp&K) acts 
doubly truns-itiwely on each of its orbits in -2 if and only if K = GF(2). Knowledge 
of the two doubly transitive actions of Sp,,(2) (n > 1) goes back to Jordan [17]; 
Bannai [l] states that Sp,,(2) has no other doubly transitive representations if 
n 3 3. 
A consideration of the orbits of O,,(K) in Z! leads to a simple swift proof of 
THEOREM 7. IfQ(x) E 22 and has index v > 1 then the corresponding O,,(K) 
is a maximal subgroup of Sp,,(K). 
Proof. Let O,,(K) < H < Span(K) and take A E H\O,,(K). Then, by 
Lemma 1, 
QOW = Q(x) + P(x, 41” (13) 
where q # 0 and Q(q) EL. Since v > 1 the singular vectors of Q(x) span V 
[7, p. 34 with p. 211, so there is a singular m such that 0 # B(m, Aq). By 
Lemma 1 the various Q(x) + [B(x, Am)]” with X # 0 are equivalent to Q(x), 
and by the preceding paragraph they all belong to the same orbit under O,,(K). 
Using (13) we see that A-l takes Q(x) + [B(x, Am)]” to Q(x) + [B(x, G)]” where 
4 = ;\A-lrn + q. With x = A-lm (13) gives that Q(A-lm) = [B(A-lm, q)]“. 
Hence 
Q($) = h2Q(A-lm) + WA-h q) + Q(q) 
= [WA-lm, q)12 + W(A-lm, s)l + Q(s). 
Since Q(q) EL and B(A-lm, q) = B(m, Aq) # 0, as h varies Q($) takes all 
values in L: each value in L arises from two of h so we can take ;\ # 0. Hence by 
the preceding paragraph the orbits under O,,(K) of the quadratics of ;Z equivalent 
to Q(x) combine to form one orbit for H. Now let B E Sp,,(K). Q(Bx) is 
equivalent to Q(x) so that Q(Bx) = Q(Cx) for some C in H. But then 
BC-l E O,,(K) < H. Hence B E H, and so H = Sp,,(K) and O,,(K) is maximal 
in Spa,(K). 
Since v = n or n - 1 [8, p. 391 the restriction v 3 1, necessary for the proof, 
rules out only certain O,(K) in Sp2(K) g SL,(K). Pollatsek [19, p. 3961 has given 
an alternative proof of Theorem 7 that makes no mention of the orbits of 2: 
instead she requires a version of Chow’s Theorem and quotes the difficult result 
that, apart from certain O,(2), O,,(K) ac s irreducibly on V [2, pp. 33-361. t 
2.6. Theorem 4 has a generalization. Let U be a subspace of V and let G be 
the subgroup of Sp,,(K)$xing U vectorwise. Then two members of G n O,,(K) are 
conjugate in G n O,,(K) if and only if they are conjugate in G. To prove this we 
may repeat the proof of Theorem 4 with G in place of Sp,,(K) and G n O,,(K) 
in place of O,,(K) except that the statement CT-l E G n O,,(K) needs verifica- 
tion: we must show that CT-l E G, i.e. that T E G. If Q(Tx) = Q(Cx) = 
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Q(x) + [B(x, q)]” then if u E U then Cu = u and so B(u, q) = 0. By the proof 
of Theorem 3 T is centred on (q). Hence, by (6) T fixes u and so T E G. 
3. LINEAR SYSTEMS IN 22 
3.1. Although, by Lemma 1,9 can be put in bijective correspondence with V 
Z? is not a vector space over K. However, 9 may be represented as the points of 
a projective space PG(2n, K) off a hyperplane. 
Let B be the PG(2n - 1, K) whose points are the one-dimensional subspaces 
of V. B(x, y) induces a symplectic polarity (1 in g. Distinct Q(x) in 9 induce 
distinct quadrics in 8. Since the only bilinear forms on V inducing n are the 
hB(x, y) with h # 0 each quadric Q of B with the same polarity as A arises, by 
(2), from a unique Q(x) in 9: we may regard 9 as the set of quad& with polarity A. 
If p is the unique square-root of h-r then diag. (CL, p,..., p) takes B(x, y) to 
xB(x, y). Hence the group of A is isomorphic to Sp,,(K), and, similarly, the group 
of a Q in Z? is the O,,(K) of the corresponding Q(x). The results of Section 2 
translate immediately to the projective setting. In particular if A E SpBI(K) then 
Fix A denotes the quadrics of 9 fixed by A E PSp,,(K). Notice that, because 
square-roots exist, projective equivalence for quadrics is the same as equivalence 
for quadratic forms. 
3.2. LetQ,,Q, ,..., QT be r + 1 linearly independent quadrics of 9. Thus if 
Qd(x) induces Qj , 0 < j < r, then if hj are not all 0 &Q,,(x) + &Q,(x) + ... f 
&Q,(x) induces a quadric of 9. The set of all such quadrics is the linear system, 
of projective dimension r, determined by the Qj: the linear system is determined 
by any subset of r + 1 linearly independent members. We have 
THEOREM 8. (a) Suppose that 9 is a linear system of dimension r determined 
by members of 2 Then 
(i) Each member of 9 is either in 9 or is a repeated hyperplane. The hyper- 
planes of 3’ are all the hyperplanes through a certain PG(2n - r - 1, K) in 8, 
the base space S(9) of 9. All Q in 9 have the same section with S(Z), the base 
quadric Q(9). If Q(Z) is not a repeated PG(2n - r - 2, K) then every Q in 
9 with section Q(Z) with S(9) is in 9. 
(ii) The stabilizer of 9 in Spa,(K), and its subgroup fixing S(Z) pointwise, 
acts transitively on the (nonsingular) quadrics in 9 of each equivalence kind. 
(b) If 3 and Jr? are linear systems determined by members of 9 then 9 and 
&Y are in the same orbit under Spa,,(K) if and only if Q(9) in S(9) is equivalent to 
Q(A) in S(M). 
(c) If A E Sp,,(K) then Fix A consists of all nonsingular quadrics of a linear 
system whose base space is the polar space of the fixed space of A induced by 
Ker(A + I24 
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Proof. (a) Suppose that 9’ is determined by Qs(x) = Q(x), and Qi(x) = 
Q(x) + [B(x, qr)12, 1 < j < 7. Then 
&Q&4 + . . . + &Q&4 
= (A,+ A, + ... + %)Q(x) + P(x, bq, + ... + h.q,)l”. (14) 
If 4) + A, + . ..+A. #OthisisX,+ *..+X,timesaQ(x)+ [B(x,q)12 andif 
Al + ... + A, = 0 it is a [B(x, q)12, where in each case q E (qi , q2 ,..., q,.). 
Given h, ,..., X, we can find h, so that h, + -.. + X, = 0 or 1. Hence qi ,...,q, 
are linearly independent, and (14) includes all QJx) + [B(x, q)]” and [B(x, q)]” 
with q E (qi ,..,, qr). Apart from its last sentence (i) follows with S(9) being the 
subspace induced by (qi ,..., qJ*. If &(x) = Q(x) + [B(x, ii)]” ad & has 
section QJ9) with S(9) then there is a X # 0 such that h&(x) and Q(x) have the 
same restrictions to (qi ,..., qr)*, whence (X + 1) Q(x) and [B(x, a)]” have the 
same restrictions. If Q $ $4 then q $ (qi ,..., qT) and [B(x, q)]” = 0 meets S(9) 
in a repeated PG(2n - r - 2, K); then h + 1 # 0 and Q meets S(9) in this 
repeated PG(2n - r - 2, K): (i) follows. 
If Q(x) and Q(x) + P(x, s)l” are equivalent members of 9 then, by (14), 
4 E <Sl ,..., qr). By Theorem 1 there is a transvection T centred on (q) and 
taking Q(x) to Q(x) + [B(x, q)]“. T fi xes each vector polar to q and thus each 
vector in (qi ,..., qr)*: (ii) follows. 
(b) With 9 as in (a) let Q(x) E M. If Q(A) ’ is e q uivalent to Q(Y) then there 
is a linear map from S(J%‘) to S(Y) taking the restriction of Q(x) to S(A), or 
rather its vector space counterpart, to the restriction of Q(x) to (qi ,..., qT)* 
(see sect. 3.1). This map takes the restriction of B(x, y) to S(A) to its restriction 
to S(9) and hence, by Witt’s Theorem, extends to an A in Sp.&C). A takes the 
quadrics of 9 with section Q(&‘) with S(M) to those with section Q(9) with 
S(9). Hence, by (a)(i), if Q(9) is not a repeated PG(2n - r - 2, K) then A 
takes ./Z to 9. If Q(9) is a repeated PG(2n - r - 2, K) then B(x, y) has zero 
restriction to (qi ,.,., qr)* and so (qi ,..., qr)* C (qi ,..., q7). Take (q) in 
<Q i ,..., qr)* and off the PG(2n - r - 2, K). Then Q(q) # 0. By (14) all 
Q(x) + [B(x, hq)12 E 9, and by the argument just before Theorem 6 this set 
contains quadratics of every equivalence kind. Thus we may take Q(x) E 9’ 
equivalent to &A-lx). Then there is a B E Sp,,(K) such that Q(BA~) = Q(x). 
The restriction of Q(x) to B(q, ,...,q,.)* is equivalent to that of &(A-lx) to 
(4 i ,..., qr)*. But this latter restriction equals that of Q(x) and hence by (a)(i) 
that of Q(x). Hence there is a C! in the O,,(K) of Q(x) taking B(q, ,..., qr)* to 
&V...~. qr)*. Then Q(CBA$ = Q(x) and CBA takes S(JZ) to S(9). Since, by 
a mear system in 9 is determined uniquely by its base space and one of its 
nonsingular quadratics CBA takes JZ to 9, and (b) is proved. A glance at (11) 
and (14) gives (c). 
If K # GF(2) and Q(Z) is a repeated PG(2n - r - 2, K) then the restriction 
to S(9) of Q(x) is that of a [B(x, $)I” for some q 4 (ql ,..., qr). Thus if X # 0, 1 
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and Q(x) == Q(x) :- [U(x, hq)]” then Q $ Y but has section Q(U) with S(Y); 
the restriction in (a)(i) is necessary if K 1. GF(2). It may bc removed if 
K 7 GF(2): the proof shows that exceptions occur only if there arc non-zero (1 
such that h - 1 f 0. If Fix A is replaced by Y in the discussion just before 
Theorem 6 we see that ifI, # K then a linear system determined by members of 
1 either contains quadrics of every equivalence kind or contains quadrics of just one 
equivalence kind, the latter occurring if and only if the polar space of the base space is 
totally singular for one, and thus every, quadric of the system. 
The stabilizers of the many kinds of linear systems determined by members of 
9 provide Spa,(K) with a subgroup structure much richer than that of the 
symplectic groups over fields of odd or zero characteristic. A Q in 2 and a 
subspace S of .Y determine a unique linear system containing Q, determined by 
members of 9, and with base space S: one simply takes the appropriate qj in (14). 
Thus, by Theorem 8, the stabilizer in Sp,,,(K) of S, and its subgroup fixing S 
pointwise, possess a number of instantly obtainable geometrical subgroups, each 
equipped with at least one, and often I K-/L , transitive actions on quadrics in a 
linear system. Since it determines the action on the base spaces of the linear 
systems the action of Sp,,,(K) on 9 determines that on the subspaces of l-: if 
A E Spa,,(K) then, by Theorem 8(c), Fix A determines the eigen-space 
Ker(A I- Ia,,). 
5. THE FINITE CASE, ESPECIALLY Sps(2) 
Henceforth K = GF(q) where q = 2”. 
4.1. By Section 2.5 1 I, :: q/2 and each O,,(q) in 0 is a rank q/2 7 I subgroup 
of Sp,,(q) if n > 1. By Theorem 6 9 consists of 2 orbits under Spa,(q): they must 
be the set of quadratics in 9 with index n and index n - 1 respectively (see [8] 
or [3, p. 1971). 
Let Q(x) E L! and have group O,,(q), and let A E O,,(q). If q E Ker(A + Isn) 
then, by Section 2.4, Q(x) + [B(x, hq)]* . IS e q uivalent to Q(x) for all h if Q(q) == 0, 
and for the /\ such that PQ(q) EL, and thus by (12) the h such that A(QJq))‘/* EL, 
if Q(q) # 0. Hence, by (1 1), if Ker(A + Izn) contains N,,, singular one-dimensional 
s&paces and N, non-singular one-dimensional subspaces for Q(x) then Fix A 
contains 
N =- 1 A (q - l)Nm -t (q/2 - l)N, (15) 
quadratics equivalent to Q(x) and 
M = qN,,/2 (16) 
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quadratics in the other orbit: here N,,, + N, = (qr - l)/(q - 1) where Y = 
dim Ker(A + Ian). If C is the conjugacy class of A in O,,(q) then the permutation 
character of Spa,(q) induced by O,,(q) bus value N on the class c of Spa,(q) 
containing C. When A = I,, then Y = 2n and N, = (qn F l)(q”-l f l)/(q - 1) 
[20, p. 3021; we adopt the convention that the upper signs are to be taken ifand only if 
Q(x) has index n. Hence from (15) or (16), the index of O,,(q), the size of the 
orbit of Q(x) is qn(q” f 1)/2. Hence, from Theorem 6, 
I C I = I C I q”(qn f 1)W. (17) 
Further, if Q(x) E 2 has group 8,,(q), and is not equivalent to Q(x), then if 
C E @(O,,(q)) its mate in %‘((8,,(q)) under the bijection of Section 2.4 bus size 
I C I (4” rt 1) Wkn F l)N- (18) 
If classifications of O,,(q) and OS%(q) are known giving class sizes, periods, 
conjugacy types of powers, type of Ker(A + Ian), etc., we may, by use of (15) and 
(17), write down the corresponding information for Spzn(q) together with the two 
permutation characters whose values describe Fix A: by Theorem 6 .one takes 
all the classes of O,,(q) and then those of 8,,(q) whose Ker(A + Ian) are totally 
singular subspaces of Q(x). C onversely, information for O,,(q) can be obtained 
from that of Spa,(q), and using (18) much information for 8,,(q) from similar 
information for O,,(q). Notice, from Theorem 6, that the characters of Spa,(q) 
induced from the character tables of O,,(q) and 6,,(q) span the character ring of 
Sp,,(q) and, conversely, that the restriction of the character ring of Spa,(q) to 
O,,(q) is the character ring of O,,(q). 
4.2. Suppose that Y is a linear system of quadrics determined by members of 
9. We have already noticed(sect.3.2)that in the discussion just beforeTheorem 
Ker(A + Ian) may be replaced by S(s)*. Hence ;fQ E 9’ then the numbers of 
quadrics in 9 equivalent to and not equivalent to Q are N and M of (15), (16) 
respectively where, now, N, and N, are the numbers of points in S(P)* respectively 
on and o#Q. Let R be the size of the orbit of S(g) under the O,,(K) of Q: R is 
the number of subspaces of B whose section with Q is equivalent to Q(9). Since, by 
Section 3.2, Q and S(g) determine 3 by Theorem 8(b) the number of linear 
systems containing Q and “equivalent” to .Z’ is R. Hence, with the sign conven- 
tion of Section 4.1, the number of linear systems determined by members’ of Z? and 
equivalent to 3’ is Rqn(qn & 1)/2iV. 
If Q, Q E 4 and are not equivalent then, by Section 3.2, a catalogue of the 
subspaces of B by their types of section with Q together with a catalogue of the 
totally singular subspaces of Q immediately gives a catalogue of the linear 
systems determined by members of 2, numerical information following from the 
previous paragraph, The sections of Q(Q) are described by Segre who gives 
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[21, pp. 4, 5, 1821,221 formulae that combine to give explicit, but complicated, 
expressions for the corresponding R. 
4.3. Suppose, now, that n = 4, q = 2, and that Q and Q of Section 4.1 and 
the last paragraph of Section 4.2 have indices 4 and 3 respectively. A full catalogue 
of the subspaces of B with respect to Q is obtained in [ 11, p. 161, and the numbers 
of totally singular subspaces of Q of (projective) dimensions 0, I,2 are 119, 1071, 
765 respectively [21, pp. 4, 51. By Section 4.2 we immediately obtain Table 1 
below. The symbol of the last column may be used to describe either the system 
-G? or S(g) with its Q(T). Apart from M’, G’, D’ each symbol corresponds to a 
section of Q labelled by the same symbol in [l I]: M’, G’, D’ correspond to the 
sections of Q by the polar spaces of its totally singular points, lines, planes. In 
Table 1 quadric means non-singular quadric; an S(B) of even projective dimen- 
sion contains just one kind of, necessarily degenerate, quadric [3, p. 1971. 
By Section 3.2 the entry in the first column is the index of the stabilizer of 
dp in Sps(2): those in the second and third columns are degrees of transitive 
actions of the stabilizers. From the last two rows we see that the stabi&er of 07te 
of the 255 points of 9 has transitive mtiom of degrees 56, 64, 72. 
4.4. The symbol Uji will denote a subspace U of V* with dim U = i and 
dim( U n lJ*) = j. U n U* is the axis of U: it is also the axis of U* which is 
a UFi. Since the restriction of B(x, y) to a Ut has rank i - j the orbits under 
Spsi2) of the subspaces of V* are determined by the possible pairs i, j. Once it is 
remembered that p, j, J, P in B correspond to U with j = 1 the catalogue in 
Table 2 of the subspaces of V8 for Sps(2) can be obtained immediately from that 
for O,(2) in [I 1, p. 161. If an entry appears as a sum it is in a column for a Uji 
with j > 0, and the different constituents of the sum indicate different relations 
of the subspaces to the axis: the information follows immediately from [ 11, pp. 11, 
15, 163. Thus, for example, in U2* one Us2 is the axis, 90 meet the axis in a U,l 
and 240 meet the axis in (0). The column for Ug6 classifies the subspaces of V6 
under Sps(2). 
4.5. The geometrical classification of the 67 conjugacy classes of O,(2) occurs 
in [ll, pp. 3, 26, 691: much further information occurs in [16, p. 761. Using (15), 
(17) and Theorem 8(c) we obtain classes I-LXVII of Sps(2) in Table 3 apart 
from the last column: the base space and quadric of an element A in Sps(2) are 
those of the linear system determined by Fix A. The Roman numeral attached to 
each of these classes of Sps(2) is that used for its section with O,(2) in [l l] and 
[ 161. The classes of 642) f or which Ker(A + I,,) is totally singular are given in 
[lo]. These, in the same way, give classes LXVIII-LXXX1 of Sps(2). It is not 
necessary here to give the relevant information for 6*(2) since it may be inferred 
using (15) and (17) from Table 3. The vectorwise stabilizer of a Ug6 is Sps(2). 
From the earlier columns of Table 3 and Table 2 we obtain the last column of 
Table 3: it instantly discloses the 30 classes of Sps(2) [4, p. 3181. 
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